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Abstract— We discuss the implementation, performance tuning, and evaluation of an eigensolver of real symmetric tridiagonal matrices using the bisection method and the block inverse
iteration method with reorthogonalization on Intel Xeon Phi
(Xeon Phi) many integrated core (MIC) processor. We develop
an OpenMP thread parallel program for the eigensolver for
Xeon Phi and experimentally determine the optimal block size
parameter for both the MIC and CPU environments. Moreover,
we perform experiments for evaluating the performance of
the algorithm with the optimal block size. The eigensolver
exhibits higher computation speed and accuracy in the MIC
environment than the MRRR algorithm, which is known as the
conventional high-speed eigensolver.
Keywords: eigenpair problem; bisection method; block inverse
iteration method with reorthogonalization; parallel computing; MIC
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1. Introduction
This study is mainly concerned with the standard eigenvalue
problem for an n × n dense symmetric matrix A, as follows
Avi = λi vi , i = 1, . . . , n,
where {λi }ni=1 (λ1 ≤ · · · ≤ λn ) is the sequence of real
eigenvalues of A. We refer to the pair of eigenvalue and
eigenvector as “eigenpair” below.
There are many applications of the eigenvalue problem,
since problems in computational science are often reduced to
primal linear programming. Sometimes, only a small number
of eigenpairs are required. Target matrices of eigenpair problems have become increasingly large, and the solvers need to
be accelerated by means of parallel computing. Intel Xeon
Phi is a parallel processor exhibiting higher watt performance
than ordinary CPU (Central Processing Units), and was very
similar to GPU (Graphics Processing Units) until the previous
“Knights Corner” generation. The largest difference between
MIC (Many Integrated Core) architecture and GPU is the
remarkably high compatibility of the former with CPU architecture, which is capable of compiling existing source code
of C and Fortran languages without major modiﬁcations. In
addition, “Knights Landing” generation processors, released
in 2016, are mounted directly on CPU sockets. Therefore, the
bandwidth limitation of PCI-Express is no longer an issue.
Moreover, the higher compatibility of the updated Xeon Phi

with ordinary CPU widens the range of application of MIC
architecture in numerical calculations. The solver of eigenpair
problems considered in this paper is an example.
The computation of the eigenpairs of a real symmetric
matrix A generally employs the transformation of A to a
symmetric tridiagonal or band matrix. Then, the eigenpairs of
the tridiagonal or band matrix are computed. The eigenvalues
of the transformed tridiagonal or band matrix are equal to the
eigenvalues of the given matrix A, and the desired eigenvectors
are obtained by the reverse transformation of the previous
tridiagonal or band transformation. Many types of highly
efﬁcient parallel computing methods have been proposed for
pre-processing and post-processing. Subsequently, one may
concentrate on the eigenvalue computation part.
In this paper, we consider the bisection method [1] for
obtaining the set (or a subset) of the eigenvalues of a preprocessed real symmetric tridiagonal matrix. It should be
noted that there are several well-known methods for obtaining the eigenvectors of a real symmetric tridiagonal matrix,
such as reverse iteration, MRRR (Multiple Relatively Robust
Representation) [2], QR, and Divide and Conquer methods.
MRRR can be used to compute all or a part of the eigenpairs
of a given matrix. By contrast, the QR and Divide and
Conquer methods can be used to compute all eigenpairs.
The advantage of the QR method is accuracy in terms of
absolute error measurement, whereas the advantage of the
Divide and Conquer method is high computation speed in
parallel environments. Even though the bisection method is
suitable for the partial eigenvalue problem as well, we evaluate
its performance in obtaining all eigenvalues, in order to make a
comparison with the QR and Divide and Conquer algorithms.
For parallel computing, Intel Math Kernel Library [10] (MKL)
provides the routines for the methods.
The paper is organized as follows. The second section
provides a brief presentation of the speciﬁcations of the
“Knights Landing” generation Xeon Phi processor. In the third
section, we present the implementation for MIC architecture
of the parallel eigensolver using a combination of the bisection method [1] and the block inverse iteration method
with reorthogonalization [3]–[6]. In the fourth section, we
present the results of performance tuning by block size and the
benchmarks for computation speed and accuracy. Moreover, a
comparison with other methods for Xeon Phi is presented. The
ﬁfth section concludes this study.
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2. Xeon Phi Processor
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Algorithm 1 Main routine of thread parallel bisection method

Herein, the speciﬁcations of the Xeon Phi processor are
presented.
Xeon Phi “Knights Corner”, manufactured by Intel Corporation, is an accelerator board based on MIC (Many Integrated
Core) architecture, connected to the host computer through
a PCI Express slot. The co-processor competes with general
purpose GPU (GPGPU) boards, such as NVIDIA Tesla and
AMD FirePro series. The main advantage of the co-processor
is the high compatibility with Intel CPU of x86 architecture,
which is capable of running existing programs written for
x86 CPU without major modiﬁcation of the source code. In
particular, unlike GPU, the MIC co-processor core can execute
conditional instructions, such as if and switch statements of C
language code, independently of the other cores. In addition,
the latest architecture of Xeon Phi, i.e., “Knights Landings”,
is no longer a co-processor, but rather a processor that is
mounted directly on the CPU socket. Even though the previous
architectures of Xeon Phi co-processor needed to be accessed
via the host operating system, the latest “Knights Landing”
architecture is capable of self-booting and can control the
operating system natively. “Knights Landing” Xeon Phi has
64 to 72 cores, each executing up to four threads of SMT
(Simultaneous Multi-Threading). In addition, the latest Xeon
Phi processor supports Advanced Vector Extension (AVX) of
512 bit extended instructions.
Xeon Phi accelerates parallel computing by means of a
large number of execution threads, despite that each core has
lower clock frequency than CPU, as in the case of GPU.
Furthermore, in contrast with GPU and the previous coprocessors, there are no limitations with regard to independent
execution of conditional instructions and the bandwidth of
PCI-Express. This enables the processor to run the bisection
method faster and is the main motivation for evaluating the
performance of the eigensolver using a combination of the
bisection method and the block inverse iteration method with
reorthogonalization in MIC environment. The implementation
will be discussed in detail in the following section.

3. Implementation Details of the Target
Eigensolver
The computation of the eigenpairs of a real symmetric
matrix is generally performed through the transformation of
the target matrix A to a symmetric band matrix, and subsequent computation of the eigenpairs of the band matrix. The
transformed symmetric band matrix, often a tridiagonal matrix,
has the same eigenvalues as the original matrix. Then, the
eigenvectors of the original matrix are obtained by the reverse
transformation of the previous band transformation. In this
section, we brieﬂy present this procedure.

3.1 Implementation of the Bisection Method
Herein, we discuss the implementation of the bisection
method for real symmetric tridiagonal matrices. Let T be
an n × n tridiagonal matrix, di (i = 1, · · · , n) the sequence

1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:

kb = 1, ke = 1
repeat
!$omp parallel do private(rt , ct )
do k = kb to ke
ct = 0
do j = 1 to n
rj = dj − e2j−1 /rj−1 − μk (e0 = 0)
if rt ≤ pmin then
rt = min(rt , −pmin ), ct = ct + 1
ck = ct
Manage tasks & Check convergence  Update kb , ke ,
μk
until kb > ke
return λ = μk

of diagonal entries, and ei (i = 1, · · · , n − 1) the sequence
of subdiagonal entries. Moreover, the eigenvalues of T are
assumed to be real numbers. We note that the sequences di ,
ei , and μi are aligned as array type of double precision ﬂoating
point numbers in the memory. For simplicity, at the beginning
of the computation, if the off-diagonal component is smaller
than a speciﬁed threshold, we divide the matrix by assuming
that this component is 0. This operation is called splitting.
The bisection method is an algorithm for computing the
eigenvalues of a real symmetric matrix using binary search. It
is proposed in [1], and its implementation for ordinary CPU is
provided by the DSTEBZ routine of LAPACK (Linear Algebra
PACKage) [8]. DSTEBZ for obtaining all eigenvalues may be
brieﬂy described as follows.
1) Calculate the range [μi , μr ] containing all eigenvalues
of T .
2) Calculate the number of eigenvalues smaller than μi and
μr .
3) Obtain all eigenvalues using binary search.
Implementations of (2) and (3) are provided by DLAEBZ,
which is a subroutine of DSTEBZ.
We adopt the implementation introduced in [6] as a thread
parallel bisection method suitable for shared memory systems
such as MIC environments. Algorithm 1 is a modiﬁcation of
DLAEBZ.
The do loop that begins at the third line is parallelized with
privatization of the variables ct and rt for each thread. The task
management shown in line 7 should be exclusive. However,
it should be of signiﬁcantly smaller complexity than the
calculation of the do loop. Therefore, the task managements
are executed serially in the proposed method. We note that
the other routines of DSTEBZ, except for algorithm 1, are
also executed serially using the implementation of the original
DSTEBZ routines.
Even though the algorithm contains synchronizations whose
number is equal to that of repeat-until iterations, it hardly
affects computation time due to the absence of exclusive
processing between threads in repeat-until iterations.
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3.2 Implementation of the Inverse Iteration
Method
Herein, we brieﬂy present the block inverse iteration method
with reorthogonalization [3]–[6] for the eigenvector problem.
Moreover, Parallel implementation of each method for shared
memory-systems is considered.
For an n × n real symmetric tridiagonal matrix T , let
λi ∈ R(λ1 < · · · < λn ) be its eigenvalues and qi ∈ R be
the eigenvectors corresponding to λi . If λ̃i is the approximate
(0)
value of λi , and the initial vector vi is randomly (uniformly)
(j)
generated, then the vector vi converges to the eigenvector
qi as j → ∞ in the following linear iterative equation
(j)

(T − λ̃i I)vi

(j−1)

= vi

Algorithm 2 Block inverse iteration method with reorthogonalization
1: do i = 1 to mc /r
2:
j=0
(0)
(0)
(0)
3:
Generate Vi,r = [v(i−1)r+1 · · · vir ]
4:
5:
6:
7:
8:
9:
10:

, j = 1, 2, . . . ,

(1)

where I is the n × n identity matrix. The inverse iteration
method [3]–[5] is based on the above procedure. The complexity of this method for obtaining m(< n) eigenvectors is
(j)
O(mn). Practically, the vector vi must be normalized at each
iteration to avoid overﬂow and underﬂow. The obtained eigenvectors are orthogonal if the eigenvalues of T are sufﬁciently
separated. By contrast, it is known that the eigenvectors may
fail to be orthogonal if the eigenvalues of T are clustered.
In this case, it is proposed that eigenvectors corresponding to
clustered eigenvalues should be reorthogonalized.
We adopt the block inverse iteration method with reorthogonalization proposed in [6] as the implementation of the inverse
iteration method for MIC environment. This is a modiﬁcation
of the simultaneous inverse iteration method. The modiﬁed
algorithm aims at reducing memory consumption by a division
of the mc eigenvectors (corresponding to a certain eigenvalue)
into blocks of size r. For simplicity, we assume that the block
size r divides mc .
These eigenvectors are regarded as a group of blocks of size
r and are computed individually. In the following, it is shown
how the eigenvectors q(j−1)r+1 , . . . , qjr can be obtained after
the computation of q1 , . . . , q(j−1)r , where j = 1, 2, . . . , mc /r.
(0)
We ﬁrst generate an n × r random matrix Vj,r and obtain
(0)
(0)
an orthonormal matrix Qj,r by QR decomposition Vj,r :=
(0) (0)
Qj,r Rj,r . Then, the eigenvectors q(j−1)r+1 , . . . , qjr are ob(0)
tained in three steps from the initial matrix Qj,r , as follows.
1) Solve the r simultaneous equations
(i)

(T − λ̃k I)vk = qki−1 , k = (j − 1)r + 1, . . . , jr. (2)

(0)

13:

16:
17:

(j)

(j)

(j)

(j)

(j)

(j)

(j)

(j)

Vi,r = Q̄i,r Ri,r
 QR decomposition
(j)
(j)
(j)

Q̄i,r = Q̄i,r − Q(i−1),r Q(i−1),r Q̄i,r

12:

15:

(0)

Vi,r = Vi,r − Q(i−1),r Q(i−1),r Vi,r

11:

14:

(0)

Vi,r = Qi,r Ri,r
 QR decomposition
do k = (i − 1)r + 1 to ir
T − λ˜k I = Pk Lk Uk
 LU decomposition with
partial pivot selection
repeat
j =j+1
do k = (i − 1)r + 1 to ir
(j)
(j−1)
Solve Pk Lk Uk vk = qk

Q̄i,r = Qi,r Ri,r
 QR decomposition
until converge
(j)
(j)
Qi,r = [Q(i−1),r Qi,r ](Qr = [Q1,r ])
return

Table 1: Speciﬁcation of the experimental environment (CPU)
CPU
RAM
Compiler
Options
Software

Intel Xeon E5-2695 v4 x2 (2.10GHz, 18 cores x2)
DDR4-2400 128GB
icc 16.0.4, ifort 16.0.4
-O3 -ipo -xCORE-AVX2 -fp-model precise
-qopenmp -mkl
Intel Math Kernel Library 11.3.4

The block inverse iteration method with reorthogonalization
obtains the eigenvectors of a given matrix by iteration of the
above three steps. If the block parameter is r = mc , the
algorithm is equivalent to the simultaneous inverse iteration
method, whereas if r = 1, the algorithm is equivalent to the
inverse iteration method.
Algorithm 2 shows pseudo-code for the block inverse iteration method using the BCGS2 reorthogonalization method.
The operation of step 2 appears in lines 11 and 13, and the
operation of step 3 appears in lines 12 and 14.
The dominant part of the block inverse iteration method
could be implemented, with efﬁcient execution of matrix
multiplications, on SSE and AVX enabled processors.

4. Performance Evaluation
(i)
Vj,r

2) Reorthogonalize
to be orthogonal to the vectors
q1 , . . . , q(j−1)r .
3) Apply QR decomposition to the n × r matrix consisting
of the vectors obtained at step 2 and deﬁne the matrix
(i)
Q as Qj,r .
The most obvious difference with the simultaneous inverse
iteration method is that the number of simultaneous equations
solved at step 1 is r. There is no data synchronization in the
parallel computation in step 1.

In this section, we present the results of the numerical experiments that were conducted to evaluate the performance of
the eigensolver using the parallel bisection method (PBi) and
the block inverse iteration method with reorthogonalization
(BIR), mentioned in section 3. The results in CPU and MIC
environments are shown in Tables 1 and 2, respectively.
Test matrices for the evaluation are n × n symmetric
tridiagonal matrices T1 and T2 , where T1 is a random matrix
with uniformly distributed random numbers di , ei ∈ [0, 1], and
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Table 2: Speciﬁcation of the experimental environment (MIC)

Software

Intel Xeon Phi 7250 (1.4GHz, 68 cores)
DDR4-2133 96GB + MCDRAM 16GB (Cache mode)
icc 16.0.4, ifort 16.0.4
-O3 -ipo -xMIC-AVX512 -fp-model precise
-qopenmp -mkl
Intel Math Kernel Library 11.3.4
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T2 has uniform diagonal entries di = 2(i = 1, . . . , n) and
subdiagonal entries ei = 1(i = 1, . . . , n − 1).
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4.1 Determining the Optimal Block Size for the
Eigensolver

1) Set the initial block size r to the number of processor
cores of each experimental environment.
2) Measure the computation time for obtaining all eigenvalues and eigenvectors of T1 and T2 .
3) If the computation time is longer than that of previous
two trials, stop searching and let the block size giving
minimum computation time be optimal.
4) Otherwise, set the block size r := 2 × r and continue
searching.
Figures 1, 2, 3, and 4 show the computation time for
T1 and T2 using the block inverse iteration method with
reorthogonalization for different block sizes r on CPU and
MIC environments for the matrices T1 and T2 of size n. It
should be noted that all graphs are logarithmic.
We optimize the parameter for the BIR algorithm, since
it was more than 100 times slower than the PBi algorithm.
In addition, if we use hyper-threading technology, the PBi
algorithm becomes faster, whereas the BIR algorithm becomes
slower. Thus, hyper-threading technology is not adopted.
These graphs show that block size r = 144 for CPU environment and r = 2176 for MIC yield the best performance.
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algorithm. To this end, we use the following search method.
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4.2 Comparison with Other Algorithms
We compare the execution time for obtaining all eigenvalues
and eigenvectors of the matrices T1 and T2 using the PBi+BIR
algorithm with the corresponding time for the MRRR al-
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Table 3: Computation time for T1

Table 4: Computation time for T2
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PBi+BIR (MIC)
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10000
35.4
40.9
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1.36
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431
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26.7
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1.31E+03
5.85E+03
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gorithm. For further comparison, we add the QR [9] and
Divide and Conquer algorithms [11], which are well-known
methods. Because QR algorithm [9] and Divide and Conquer
algorithm [11] are not able to compute partial eigenvalue
and eigenvectors of target matrix. The implementations of
these three algorithms are provided in Intel Math Kernel
Library (MKL) [10]. In these experiments, we use DSTEMR,
DSTEQR, and DSTEDC LAPACK routines provided by Intel
MKL as the parallel implementations of the MRRR, QR, and
Divide and Conquer algorithms, respectively. We note that the
number of threads in all numerical experiments is set to be
the number of processor cores.
Figure 5 shows the execution time for obtaining all eigenvalues and eigenvectors using each algorithm for T1 (n =
10000, . . . , 70000). It should be noted that the graph is
semilogarithmic. The Divide and Conquer algorithm is the
fastest. However, it cannot be adopted for partial eigenvalue
and eigenvectors of the target matrix. PBi+BIR achieves higher
performance than MRRR in MIC environment, as the graph
shows.
The results for matrix T2 are shown in Figure 6. PBi+BIR in
MIC environment is faster than MRRR in CPU environment
for n ≥ 60000. Unlike the other algorithms, Pbi+BIR has
smaller computation time gain in MIC environment than in
CPU environment, both absolutely and asymptotically. The
asymptotic behavior suggests that the PBi+BIR algorithm is
suitable for MIC environment.
Moreover, evaluations for accuracy are performed. Figures
7 and 8 show the orthogonality Q Q − IF of egeinvectors
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Fig. 7: Orthogonality of obtained eigenvectors for T1

obtained by each eigensolver for T1 and T2 , respectively (with
n = 10000, . . . , 70000). n denotes the dimension of the target
matrix, D = diag{λ̃1 , . . . , λ̃n }, and Q = [q1 · · · qn ]. The
graphs are semilogarithmic. The lines of PBi+BIR (MIC),
DSTEMR(MIC), DSTEQR(MIC) and DSTEDC (MIC) are
hidden behind the corresponding lines in CPU environment,
since the results are nearly equal. The orthogonality among
the eigenvectors obtained by the PBi+BIR algorithm is significantly smaller than that obtained by the other algorithms.
Figures 9 and 10 show the results of the evaluation of
decomposition accuracy, namely, the residuals T Q − QDF
of the decomposed eigenvalues and eigenvectors for T1 and T2 ,
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Fig. 8: Orthogonality of obtained eigenvectors for T2
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Fig. 10: Residuals of decomposition for T2

respectively. PBi+BIR achieves higher accuracy than MRRR
in terms of decomposition. In conclusion, in terms of both
speed and accuracy, the PBi+BIR algorithm is superior to the
MRRR algorithm in MIC environment. The high accuracy of
PBi+BIR may be attributed to the high relative accuracy of
the PBi algorithm.

For T1 , PBi+BIR with the optimal block size parameter
obtains the eigenpairs faster than MRRR in MIC environment.
This is true for T2 as well, with the condition that size of the
target matrix is n ≥ 60000. In addition, PBi+BIR is the only
algorithm computing eigenpairs faster in MIC environment
than in CPU environment. It is conceivable the AVX512
instruction set contributes to the superior performance of
PBi+BIR in MIC environment, as this algorithm involves a
large number of matrix multiplications. This suggests that
PBi+BIR is suitable for MIC environment. Moreover, in a
comparison of orthogonality of eigenvectors and residuals of
eigenpairs, PBi+BIR achieves higher accuracy than MRRR,
and there is no trade-off between computation speed and
accuracy in MIC environment.
There are many applications of eigensolvers for real symmetric matrices such as kernel principal component analysis,
which frequently appears in the industrial ﬁeld. Fast and
accurate eigensolvers are in great demand in this ﬁeld, and
PBi+BIR in MIC environment may be the eigensolver of
choice. In future work, we would perform a more detailed
examination of the relation between computation time and
block size, and establish a method for auto-tuning of the
algorithm in MIC environment.

5. Conclusion
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