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Abstract— This paper presents parallel constructions for
edge-disjoint node-independent spanning trees in dense
Gaussian networks using Tree-based and Propagation-based
methods. These spanning trees are useful in secure message
distribution and fault-tolerant broadcasting. The presented
constructions are simulated with and without the presence
of faulty nodes. The results show that due to the tree cut in
the Tree-based construction the maximum average number of
steps required to construct the trees decreases when one or
more faulty nodes are present. On the contrary, the presence
of faulty nodes in the Propagation-based method increases
the paths’ lengths and hence increases the constructions’
steps.
Keywords: Parallel Algorithms, Circulant Graphs, Gaussian Networks, Spanning Trees, Independent Spanning Trees.

1. Introduction
An interconnection network consists of nodes and links
where each link connects two nodes. A node has one or more
processing elements, a local memory, and a communication
module. The nodes in the interconnection network communicate by exchanging messages through the links. Each interconnection network has topological properties that speciﬁes
its characteristics such as the total number of nodes, the total
number of links, the diameter, the average distance. . . etc.
There are varieties of interconnection network topologies
designed and used in parallel computing. Some of the
most popular networks are Hypercubes [1][2], Generalized
Hypercubes [3], Twisted Cubes [4], Cube Connected Cycle
[5], k–ary n–cube [6], and Torus [7].
The topology of Gaussian networks, which is known to
be efﬁcient, was introduced in [8][9]. Gaussian networks
are symmetric and each node in the network is of degree
4, i.e., 4-regular network. They have a topology similar to
that of Torus networks in terms of symmetry, regularity, the
number of nodes, and the number of links. The advantage of
Gaussian networks’ topology over Torus networks’ topology
is that their diameter is less, which makes Gaussian networks
potential alternatives for Torus networks. Gaussian networks
are called dense when it contains the maximum number of
nodes for a given diameter. These networks are reviewed
in Section 2. Further studies and advantages of Gaussian
networks can be refered to in [10][11][12][13][14].

In parallel systems, usually an interconnection network
is represented by a graph G(V, E), where V , the set of
vertices, represents the network nodes; and E, the set of
edges, represents the network links. A spanning tree T (G) =
(V, E  ), simply T , is an acyclic subgraph of G that connects
all the vertices V by the subset of edges E  , E  ⊆ E. A set of
spanning trees T1 , T2 , . . . , Tn rooted at vertex r are said to be
node-independent if, for any vertex v, all paths connecting
r and v in all spanning trees Tj , for j = 1, 2, . . . , n, are
pairwise internally disjoint. Two or more spanning trees are
said to be edge-disjoint if they share no common edges.
That is, each edge used in one spanning tree is not used
in any other spanning tree. Independent spanning trees that
are edge-disjoint are called Edge-Disjoint Node-Independent
Spanning Trees (EDNISTs).
There are useful applications for independent spanning
trees in interconnection networks. One application is secure
message distribution [15][16]. Consider a network with n
independet spanning trees rooted at node r. Then, we can
divide a message into n packets such that each packet is sent
by the root node r to its destination using a distinct spanning
tree. That is, the destination node receives the n packets and
all other nodes receive at most one of the n packets. Another
application is node fault-tolerant broadcasting [17][18]. For
example, consider a network with n independent spanning
trees rooted at node r and at most n − 1 faulty nodes. Then,
r can broadcast a message to all non-faulty nodes in the
network with the existence of maximum n − 1 faulty nodes.
Thus, there exist at least one spanning tree that delivers
the message to all other non-faulty nodes in the network.
EDNISTs can be used in secure message distribution and
node fault-tolerant broadcasting as they are independent
spanning trees. Furthermore, they can be used in edge
and/or node fault-tolerate broadcasting because of a similar
reasoning to the one mentioned above.
There are some previous studies on independent spanning
trees in Gaussian networks. EDNIST constructions in dense
Gaussian networks has been introduced in [19]. Whereas, the
problem of ﬁnding four independent spanning trees, where
the edges are not necessarily disjoint, in dense Gaussian
networks has been studied in [20]. In this paper, we present
parallel construction algorithms for EDNIST in dense Gaussian networks.
This paper is organized as follows. Gaussian networks
and some preliminaries are reviewed in Section 2. Parallel
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constructions of EDNISTs in dense Gaussian networks are
described in Section 3. Simulation results are discussed in
Section 4. Finally, the paper is concluded in Section 5.

2. Preliminaries
In this section, we review some deﬁnitions and properties
of graphs. Then, we review the topological properties of
Gaussian networks.
Let G(V, E) be a graph where V is the set of vertices
and E is the set of the edges. Two vertices u and v are
said to be neighbors if both are directly connected via an
edge, which is represented by (u, v). A path P (u, v) from
vertex u to vertex v in G is a ﬁnite sequence of edges
which connect a sequences of distinct vertices starting from
vertex u and ending at vertex v. Two paths P1 (u, v) and
P2 (u, v) are said to be independent if their intermediate
vertices are mutually disjoint. A spanning tree T of graph G
is a subgraph of G that is a tree contains all the vertices of
G. i.e., T (V  , E  ) ⊆ G(V, E) where V  = V and E  ⊆ E.
Two or more spanning trees Tj , for j = 1, 2, . . . , n, rooted
at vertex r are called independent spanning trees if the paths
from the root vertex r to any other vertex u in all trees are
independent. Furthermore, independent spanning trees are
called EDNISTs when the edge sets are pairwise disjoint,
i.e., for all trees Tj (V, Ej ), for j = 1, 2, . . . , n, we have
Ep ∩ Eq = φ for all p = q such that 1 ≤ p ≤ n and
1 ≤ q ≤ n. The distance between two vertices u and v in
graph G is known to be the number of edges in a shortest
path and is deﬁned as D(u, v) = min{|P (u, v)| : u, v ∈
V } where |P (u, v)| is the length of path P (u, v). That is,
we choose the path with minimum length from all possible
paths between u to v. The diameter k of the graph is known
as the shortest distance between two most farthest vertices
in graph G.
Gaussian networks are planar graphs. They can be modeled as a graph Gα (V, E) generated by α = a + bi such
that 0 ≤ a ≤ b, where V = Z[i]α is the vertex set
modulo α, which represents the nodes in the network; and
E = {(A, B) ∈ V × V : (A − B) ≡ ±1, ±i mod α} is
the edge set, which represents the network links. They are
based on quotient rings of Gaussian integers. The Gaussian
integers [9][21][22] are the subset of complex numbers that
contain integer real, x, and integer imaginary, y, parts;
they are deﬁned as Z[i] = {x
√ + yi : x, y ∈ Z} where
Z ∈ {0, 1, 2, . . . } and i = −1. Let α = a + bi = 0
be a Gaussian integer, the total number of nodes in the
network is called norm of α, N (α) = a2 + b2 , and it is
equal to the number of elements in the residue class modulo
α; there are many shapes for this network which can be
found in [23]. Gaussian networks are 4-regular symmetric
networks. Each node in the network is labeled as x + yi.
Two nodes are adjacent if the difference between them
modulo α is equal to ±1 or ±i, i.e., the distance from A
to B is 1. The distance between two nodes is deﬁned as

Dα (A, B) = min{|x| + |y| | (A − B) ≡ x + yi (mod α)}.
Gaussian networks are called dense Gaussian networks if
they contain the maximum number of nodes at a certain
distance, usually their generator is α = a + bi such that
b = a + 1. Thus, the number of nodes at distance s is 1 or
4s, respectively, for s = 0 or s > 0. It can be concluded
that the diameter of dense Gaussian networks is k = a.
Gaussian networks are symmetric. They contain two types
of links: regular and wraparound links. The regular links are
links that connect two nodes within the grid of the network.
Whereas, the wraparound links connect two nodes on the
boundary of the grid. Simply, a node A is connected to a
node B via wraparound link if (A± 1 or A± i) mod α ≡ B.
For example, Figure 1 illustrates the Gaussian network
generated by α = 4+5i. The solid lines represent the regular
links, whereas, the dotted lines represent the wraparound
links. Furthermore, Figure 2 shows the nodes that are out
of the grid boundary with their equivalent nodes that are
within the grid of the network. For instance, the node 3i is
connected to the node 4i, which is equivalent to the node
−3, via the +i link.
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Fig. 1: Gaussian network generated by α = 4 + 5i. Dotted
lines are wraparound links.

3. The Edge-Disjoint Node-Independent
Spanning Trees
This section discusses the parallel construction of edgedisjoint node-independent spanning trees in dense Gaussian
networks. First, we illustrate the partitions of a Gaussian
network, which are helpful in constructing the spanning
trees. Second, we describe the parent and child nodes
of each node in the network. Finally, we give a parallel
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Fig. 2: Wraparound links in Gaussian network generated by
α = 3 + 4i

Fig. 3: Gaussian network partitions

Table 1: Parent and child nodes in T1 and T2 for a given
node v = x + yi
construction algorithm for these trees using both Tree-based
and Propagation-based methods.
The dense Gaussian network, generated by α = a + bi
where b = a + 1, can be partitioned into 12 disjoint subset
as shown in Figure 3, excluding the node 0 (i.e., the root
node). These disjoint subsets are as follows:
Q1 = {x + yi | x > 0, y > 0},
Q2 = {x + yi | x < 0, y > 0},
Q3 = {x + yi | x < 0, y < 0},
Q4 = {x + yi | x > 0, y < 0},
B1 = {x + yi | 0 < x < k, y = 0},
B2 = {x + yi | x = 0, 0 < y < k},
B3 = {x + yi | −k < x < 0, y = 0},
B4 = {x + yi | x = 0, −k < y < 0},
S1 = {x + yi | x = k, y = 0},
S2 = {x + yi | x = 0, y = k},
S3 = {x + yi | x = −k, y = 0},
S4 = {x + yi | x = 0, y = −k}
Table 1 shows the trees parent and child nodes for each
node v = x + yi in the network. The root node has no
parent node and has two child nodes in the ﬁrst tree T1 ,
which are +1 and +i; and it has two other child nodes in the
second tree T2 , which are −1 and −i. By using Table 1, it is
possible to construct the two edge-disjoint node-independent
spanning trees in dense Gaussian networks. For example,
The two trees for α = 4 + 5i are drawn in Figures 4 and
5. The disjointness and independency of these trees were
proven in [19].

Set
Q1
Q2
Q3
Q4
B1
B2
B3
B4
S1
S2
S3
S4

Condition
x > 0, y > 0
x < 0, y > 0
x < 0, y < 0
x > 0, y < 0
0 < x < k, y = 0
x = 0, 0 < y < k
−k < x < 0, y = 0
x = 0, −k < y < 0
x = k, y = 0
x = 0, y = k
x = −k, y = 0
x = 0, y = −k

Tree 1
Parent
Child
−1
+1
+i
−i
−1
+1
+i
−i
−1
+1, −i
−i
+i, +1
+i
–
−1
–
−1
−i
−i
+1
+i
–
−1
–

Tree 2
Parent
Child
+i
−i
−1
+1
+i
−i
−1
+1
+i
–
−1
–
+1
−1, −i
+i
−i, +1
+i
–
+i
–
+1
−i
+i
−i

3.1 Tree-Based Construction Method
The Tree-based construction method works as follows.
The root node, i.e. node 0, sends a message to its children
in Tree i. The message indicates the index of the tree being
constructed. Accordingly, each receiving node identiﬁes its
parent and children as per Table 1, and forwards the received
message to its children. Algorithms 1 and 2 describe the
Tree-based construction in dense Gaussian networks generated by α = a + bi.
Node 0 in Algorithms 1 and 2 is considered as the
root node. Any node in the network can be a root node
by mapping it to node 0 and mapping all other nodes
accordingly. Thus, the Tree-based construction algorithms
is not restricted to node 0 being always the root node.

3.2 Propagation-Based Construction Method
The Propagation-based method construction is based on
the broadcasting concept. The root node sends its address,
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Algorithm 2 IntermediateNode: Current node processing
based on the received packet (parent, j)
1: Let C be the current working node of form x + yi
2: c = 1 be the child index.
3: C.Tree[j].Parent ← parent
4: C.Tree[j].Child[1] ← NIL
5: C.Tree[j].Child[2] ← NIL
6: for each childNode of C in Table 1 for tree j do
7:
C.Tree[j].Child[c] ← C + childNode
8:
C sends through childNode packet (C, j)
9:
c←c+1
10: end for

-4i

Fig. 4: The tree T1 , k = 4
4i

-4

Algorithm 1 InitialNode: Tree-based construction initial
step
1: root ← 0
2: root.Tree[1].Child[1] ← root + 1
3: root.Tree[1].Child[2] ← root + i
4: root.Tree[2].Child[1] ← root − 1
5: root.Tree[2].Child[2] ← root − i
6: Send through +1 packet (root, 1)
7: Send through +i packet (root, 1)
8: Send through −1 packet (root, 2)
9: Send through −i packet (root, 2)
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Algorithm 3 RootNode(S): Trees construction from node S
1: addr ← address of S.
2: S sends through +1 packet (addr)
3: S sends through +i packet (addr)
4: S sends through −1 packet (addr)
5: S sends through −i packet (addr)

-4i

Fig. 5: The tree T2 , k = 4

addr, to all its neighboring nodes. Based on Table 1, each
receiving node identiﬁes its parents and children in both
trees, and forwards the message to all its neighboring nodes,
except the node it already received the message from.
Algorithms 3 and 4 describe the construction in details.

4. Simulation

Algorithm 4 Node process based on the received (addr)
1: if (addr) has been received before then
2:
Ignore the message and exit.
3: end if
4: Compute the relative address of the current node based
on the received (addr).
5: Match the current node relative address with the entries
of Table 2 to determine the current node parent and
children links in all trees: T1 and T2 .
6: Send (addr) to all neighbor nodes except the one it was
already received from.

We have simulated both constructions using NetworkX
simulator. We have generated nine Gaussian networks with
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different sizes. For each network size, we ran four distinct
types of simulations. The ﬁrst type simulates both constructions in fault-free networks. Whereas, the second, third, and
fourth types of simulations considers networks with 1, 2, and
3, respectively. Tables 2 and 3 show the average maximum
number of steps required to construct the edge-disjoint nodeindependent spanning trees for the networks using Treebased and Propagation-based algorithms, respectively. We
also measured the average number of steps required for each
construction.
The data presented in Tables 2 and 3 are illustrated, in
respective order, in Figures 6 and 7.
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Fig. 6: Average maximum steps based on tree-based method
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Fig. 7: Average maximum steps based on propagation-based
method
Obviously, the Propagation-based method outperforms
the Tree-based method in terms of the average number
and average maximum number of steps required for the
constructions. This is simply due to the higher degree of
parallelism of the Propagation-based method over the Treebased method.

5. Conclusions
In this paper, we have brieﬂy discussed some background and preliminaries about Gaussian networks. Then,
we have partitioned the dense Gaussian network into 12
subsets. Based on these subsets we designed two construction methods for edge-disjoint node-independent spanning
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trees, namely Tree-based and Propagation-based methods.
Both constructions were simulated using NetworkX simulator on different network sizes and different faulty nodes
settings. The simulation results show the superiority of the
Propagation-based method over the Tree-based method in
terms of the constructions’ maximum and average numbers
of steps; this is simply due to the higher degree of parallelism
in the Propagation-based method when compared to the
Tree-based method.
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